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Abstract
Thetransformingandrenderingof discreteobjects,such astraditional images(with or withoutdepths)andvol-
umes,can be considered as resamplingproblem– objectsare reconstructed,transformed,�lter ed, and �nally
sampledon thescreengrids. In resamplingpractices,discretesamples(pixels,voxels)canbeconsideredeither
asin�nitesimal samplepoints(simplycalledpoints) or samplesof a certainsize(splats). Resamplingcanalsobe
doneeither forwardsor backwards in either thesourcedomainor thetarget domain.In this paper, wepresenta
framework that featureshybrid forward resamplingfor discreterendering. Speci�cally, weapply this framework
to enhancevolumetricsplatting. In this approach, mini�ed voxelsare taken simplyas points �lter ed in screen
space;while magni�ed voxelsare takenassphericalsplats.In addition,wedeveloptwo techniquesfor perform-
ing accurateandef�cient perspectivesplatting. The�r stoneis to ef�ciently computethe2D elliptical geometryof
perspectivelyprojectedsplats;thesecondoneis to achieveaccurateperspectivereconstruction�lter . Theresults
of our experimentsdemonstrate both the effectivenessof antialiasingand the ef�ciency of renderingusingthis
approach.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3[ComputerGraphics]:Picture/ImageGeneration-
DisplayAlgorithms;I.3.7 [ComputerGraphics]:Three-DimensionalGraphicsandRealism

1. Intr oduction

Resampling,anoperationusuallyrelatedto imageprocess-
ing, is theprocessof transforminga discretelysampledim-
agefrom onecoordinatesystemto another. This de�nition
canbeextendedto the transformationof any otherdiscrete
object, suchas depth imagesand volumes.With perspec-
tive transformation,resamplingamountsto 3D rendering;
the issuebecomeshow to properly resamplethe discrete
objectsusingtheregularscreengridsafterprojection.Con-
ceptually, anidealdiscreteresamplingoperationconsistsof
four basicsteps:reconstruction,transformation,pre�ltering,
andsampling5; 19. In practice,reconstructionandpre�ltering
�lters areusuallycombinedtogetherwith embeddedtrans-
formation.Additional operations,suchas visibility testing
andlighting estimation,are thenconductedfor 3D render-
ing. The fundamentalissueof 3D renderingis in which
domain(sourceor target) to evaluatetheseoperationsand
how to accumulateeachcontributionsothattheoriginaldis-
creteobjectcanbe faithfully representedon the 2D screen

grids. In this paper, we offer a hybrid resamplingframe-
work by converting discreterenderinginto a resampling
problem,to ensureeffectiveantialiasingwith ef�ciency. Our
hybrid methodfeaturesforward processing.Whensamples
aremini�ed after transformation,they are taken simply as
points,and�ltering is donein thetargetdomain;while sam-
plesaremagni�ed, they aretakenassplatswhicharerecon-
structedbeforeprojectionto thescreen.This framework can
begenerallyappliedto the renderingandtransformationof
discreteobjects,suchastexture mapping,3D imagewarp-
ing, andvolumerendering.

Thevolumetricsplattingintroducedby Westover 18 takes
anobjectorderapproachin contrastto volumetricray cast-
ing. In splatting,a volumeis representedasan arrayof re-
constructedvoxel kernels;eachof thesekernelsis �rst clas-
si�ed to have color andopacitybasedon the transferfunc-
tion appliedandis thenprojectedto theimageplane,yield-
ing a footprint or splaton the screen,and �nally compos-
ited with the framebuffer. Splattinghasa numberof fea-

c
 TheEurographicsAssociation2003.



Yuanetal / Hybrid Forward ResamplingandVolumeRendering

turesthatmake it attractive,mainlyasfollows: (1) its object
processingordermakes it feasibleto storeandaccessvol-
umesin anef�cient fashion,especiallyfor sparsevolumes;
(2) splatson screenand their reconstruction�lters can be
precomputedandstoredin lookup tablesso that only table
lookup is neededduring the run-time rendering.Recently,
image-based14; 13 andpoint-based12; 22 systemshavegained
in popularity;without explicit connectivity available,splat-
ting becomesa suitablerenderingmethodin thesesystems.
Forwardsplattinghasalsobeenusedin texturemapping1.

In recentyears,anumberof methodshavebeenproposed
to improve theoriginal splattingmethod,includingmethods
for delivering correctperspective rendering11; 10, antialias-
ing 16; 21, andef�ciency 6. Aliasing occurswhenvoxels are
mini�ed (i.e., their splatsprojectto lessthanonepixel size
onscreen).Theapproachtakenby Swanetal. 16 in�ates the
splatsso that they cover at leastonepixel. While they per-
form this in�ation uniformly Zwickeretal. 21 haveproposed
techniquesto non-uniformly in�ate splatsto accommodate
anisotropic�ltering. Theoriginalsplattingmethodsof West-
over 18 do not work well for perspective projectionbecause
the projectionsof voxels on screenare view-dependent,
thereforestraightforwardly looking up pre-computed,view-
independentreconstruction�lter leadsto artifacts.Mueller
andYagel 11 have proposeda ray-driven approachfor per-
spective volumerendering,in which a sphericalvoxel is re-
placedwith a disk perpendicularto theray passingthrough
the centerof the voxel; the disk is mappedwith the pre-
computedreconstruction�lter . For every pixel on screen
coveredby the disk, a ray is shotto the disk andthe inter-
sectionis usedas the index to the �lter . Nevertheless,the
�lter index that is computedis still inaccuratedueto there-
placementof sphereswith disks.Mueller et al. 10 have also
proposedan image-alignedsheetbuffer approach.In this
method,voxels arecut into thin slabsparallel to the view-
ing plane;eachslabof avoxel is reconstructedseparatelyby
lookinguppre-computed,view-independent�lter . Although
thereconstructionis inaccuratefor eachslab,however, when
the slabis thin enoughthe error becomesignorable.Voxel
slabswithin thesameslabaresummedtogetherinto a sheet
buffer, which is then compositedto the framebuffer. This
methodalsoeliminatesthe poppingeffect presentedin the
originalaxis-alignedsheetbuffer approach18.

In this paper, we employ a hybridity of pointsandsplats
asrenderingprimitives.While regularsplattingis performed
for magni�ed voxels, for mini�ed voxels, rather than in-
�ating their splats,we simply replacethemwith points.To
computetheir contributions to the �nal image,we placea
circular �lter on eachpixel in-screento �lter the incoming
points.Filtering pointsin thescreenspaceis muchsimpler
thansplattingthem.Therefore,ourmethodfeaturesahybrid
approachusingboth forward point projectionand forward
splatprojection.Within this framework, we have designed
andimplementeda numberof techniquesfor accurateper-
spectivesplattingcalculation.First,wedevelopmethodsfor

moreef�ciently estimatingtheelliptical shapeof 2D screen
splats.Second,we presenttechniquesto achieve accurate
perspectivereconstruction�lter . Thekey is to generateacor-
rectindex to thelookuptableof theview-independentrecon-
struction�lter . The resultsof our experimentsdemonstrate
botheffectiveantialiasingandef�cient rendering.

2. Hybrid Forward ResamplingFramework

Thekey taskin resamplingis for eachscreenpixel to deter-
minethecontributinginputdiscretesamplesandto convolve
thesampleswith aproper�lter to obtainthe�nal pixel color.
This �lter is usuallyde�ned with a circular footprint with a
Gaussianpro�le andcanbeappliedto eitherscreenpixelsor
inputsamples.Theprocessingcanbedonein thesourcedo-
main(objectorder)throughforwardprojection,or in thedes-
tinationdomain(screenorder)throughbackwardprojection.
This amountsto four practical approaches:forward point
projection(forwardprojection;�ltering on screen);forward
footprintprojection(forwardprojection;�ltering onobject);
backwardpointprojection(backwardprojection;�ltering on
object); and backward footprint projection(backward pro-
jection; �ltering on screen).In the past,all methodshave
beenpracticed.A detailedsurvey canbe found in 2; 3. Here
we presenta hybrid resamplingframework that combines
forwardpointprojectionandforwardfootprintprojection.

For theforwardpointprojectionmethod,eachinput sam-
ple is taken as a point and projectedinto screenspace.A
circular �lter is placedat eachpixel for pre�ltering thepro-
jected samples4; 13. For mini�ed samples,where aliasing
usually arises,point projectioneffortlessly performsqual-
ity antialiasing;however, holes may appearin magni�ed
samplesafter projectionbecausereconstructionis not per-
formed.For the forward footprint projectionmethod,each
input sampleis considereda circle (or a spherefor voxels)
forwardly projectedto the screen,creatinga screen-space
conic. The conic is thenscan-convertedand the energy of
the sampleis convolved with a �lter on screen.This effec-
tively `splats' the energy of the sampleto the pixel within
its projectedfootprint andthuseffectively solvesthe prob-
lem for the magni�cation situation.This method,however,
presentsa potentialproblemfor the mini�cation situation,
however, becausetheentireconicmayactuallyfall between
thepixels,thereforemakingno contribution to any of them.
Computingandevaluatingaconicor eventheapproximated
ellipseshapeaswell asconvolving texel energy areexpen-
siveoperations(especiallyin themini�cation situation).

Therefore,ourhybrid forwardresamplingframework per-
formsforwardpointprojectionfor mini�ed samplesandfor-
ward footprint projectionfor magni�ed samples.The gen-
eral concept,basedon volume rendering,is illustrated in
Figure1. For magni�ed voxels (e.g.,voxel c in Figure1),
we performregular splatting.However, for mini�ed voxels
(e.g., voxel a and b), we take them as points and directly
projectthemto theimageplane;their contributionsarethen
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computedby circular�lters placedatpixels.Thisframework
takesadvantageof both pointsandsplats:pointsaremore
ef�cient for themini�cation region, while splatsareadvan-
tageousfor themagni�cationregion.

Volume Image

a
b

a
b

c

c

Figure1: Voxelsaretakenaseithersplatsor pointsdepend-
ing on their projectionsizeon screen(e.g.,points:voxelsa
andb, splat:voxel c).

3. Hybrid Forward ImageWarping

We �rst introducetheapplicationof hybrid forward resam-
pling to improveexisting forwardtexturemappingmethods.
Forwardpoint projectionhaspreviously beenemployedfor
texture mapping.Ghazanfarpour et al. 4 have proposeda
techniquethat takes every texel as a point and projectsit
into screenspace.A �lter is placedat eachpixel for �l-
tering the projectedtexels. This amountsto effective an-
tialiasing in the mini�cation region, andcanbe almostef-
fortlesslyperformed(seeFigure5a).Comparedto forward
splattingwheresplatshave to beestimated(by ellipses)and
scan-converted,herenosplatis computedandapproximated.
Holes,however, mayappearfor magni�cation regions(also
seeFigure 5a), one solution for which is to supersample
in texturespacealongthemagni�cation axisandforwardly
projectsubtexels (aspoints)into screenspace.But because
this amountsto an expensive approach,splattingbecomes
moresuitablehere.Becausethe reconstruction�lter kernel
(usuallya Guassiankernel)of a splatcanbe pre-generated
and stored in a table, computing its contribution to sev-
eralpixelscanbedonein onescan-conversionpath.Figure
5b demonstratesthat our hybrid forward methodproduces
higher quality antialiasingthan doestraditional backward
texturemappingwith bilinearinterpolation(Figure5c).

Anotherapplicationof thehybrid resamplingframework
is in the warping of depth images.Traditional 3D im-
agewarpingis doneusingMcMillan' s warpingequation8,
which allows oneto take advantageof the regularstructure
of imagesto perform incrementaltransformation.McMil-
lan's methodtakesa forward point projectionapproach—
that is, after projection,a sample's color is written to its
nearestpixel,overwritingwhatevercolorthepixel has.Like-
wise,two problemsexist with thisapproach:(1) holesin the

magni�cation region and(2) aliasingin themini�cation re-
gion.A few approacheshave beenproposedfor solvingthis
problem,suchas connectingthe samplesof the reference
imageinto a polygonalmesh7 or usingsplatsfor eachsam-
ple 14. Both methodsareexpensive for the mini�ed region,
in which either a triangle or splat projectsto the subpixel
area.WarpEngine13 connectssamples,but avoids theover-
headof generalpolygonalrenderingby generatingsubsam-
plesbefore(or after) projection.Becausesubsampleshave
to bedenseenoughto completelyavoid incorrectholes,this
amountsto an expensive solution in the magni�cation re-
gion.

Hereweapplyourhybrid forwardmethodto imagewarp-
ing.Formagni�edsamples,weemploy thesplattingmethod.
The splat size of a sourcesamplecan be estimatedbased
on its adjacentsamples(e.g.,their maximumdistanceto the
currentsample).For mini�ed samples,we employ points;it
is importantthat we do not overwrite visible samplespro-
jecting to the samepixel. Rather, we needto accumulate
eachsample'scontributionthroughscreenspace�ltering for
antialiasing.Visibility is calculatedusingdepth,normal,as
well asdetectedboundarydiscontinuityinformation13; sam-
pleswithin thesameboundaryareassumedtobeonthesame
surface.Finally, for both magni�ed andmini�ed cases,we
detectbackfacingsamplesby checkingtheir normals.Fig-
ure6 comparesthetwo warpedimages(Figures6b and6d)
and their zoom-ins(Figure6c and6e) generatedfrom our
hybrid methodandMcMillian' soriginalwarpingalgorithm,
respectively. This clearly shows that higherquality canbe
producedusingthehybrid method.

4. Hybrid Forward VolumeRendering

Similarly, weapplyourhybrid resamplingframework to for-
wardvolumerendering(i.e.,volumetricsplatting).Although
the framework is generalenoughto be appliedto enhance
variousexisting methods,we herediscussonespeci�c im-
plementation.

4.1. VolumeProcessingOrder

For volume rendering,care must be taken to ensurecor-
rect compositingbecauseof the translucentnatureof vox-
els.Splattingmethodshavebeendesignedthatfeaturediffer-
entvolumeprocessingorders:(1) alwaysperforming'over'
(compositing)operationon voxels 17, which processesvox-
els in depth-sortedorderandthencompositesvoxel's splat
one over another;(2) slice-by-sliceprocessingorder with
sheetbuffer, which accumulatesvoxels's colorswithin each
slice into a sheetbuffer usingsummationandthencompos-
ites the entiresheetto the intermediateframebuffer 18; and
(3) image-alignedsheetbuffer order, in which sheetsareal-
waysparallelto theimageplane10. Eachmethodhasits ad-
vantagesanddisadvantages.For example,the alwayscom-
positingmethodamountsto an ef�cient approach,but can
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leadto colorbleedingartifactsaseachvoxel is processedin-
dependently, thusignoringthefactthatadjacentsplatsover-
lap.Theaxis-alignedsheetbuffer approachsolvesthebleed-
ing problem,but resultsin poppingartifacts— thatis, when
theviewpoint shiftsat pointsthatrequireswitchingto a dif-
ferent axis-alignedsheetbuffer, the summationand com-
positing order changesbetweenvoxels of the sameslice,
henceresultingin changesin theshadeof colors.Theimage-
alignedsheetbuffer approachfurthersolvesthepoppingef-
fectbecauseThesheet'sorientationis incrementallyupdated
ratherthanswitchedat somediscretepoints.However, even
with optimizations6, this approachhasaddedseveral de-
greesof complexity to theoriginal splattingapproachesbe-
causeevery sheetde�nes a thin slab in 3D spacethat cut
a voxel sphere(splats)into severalparts;differentpartsare
thensummedto different sheets.Theoretically, our hybrid
framework canbe appliedto all thesemethods.For exam-
ple, for a image-alignedsheetbuffer approach,when pro-
cessingdistantsheetsin mini�cation region, voxels canbe
representedusingsimplepoints,with noneedto cut through
splatsthatareeventuallyprojectedto subpixel size.Filtering
is thendonein sheetbuffer onpoints.

Image plane

Z

Eye

x-y slice

z

P

Figure2: Volumeprocessingorder.

In thispaperwetaketheoriginalcomposite-every-sample
approach17, as for mostcasesbleedingeffectsarenot ob-
servableandthis approachcanbe implementedef�ciently .
The key to this methodis processingvoxels in strict depth
order. This orderingcanbeimplementedby �rst transform-
ing voxels to the imagespaceandthensortingthembased
on their depthvaluesasdonein 10. Anothersortingmethod
thatcanbeusedis describedby Swan15; here,oncetheorder
is determined,voxelsareprocessedeitherassplatsor points
basedon their projectionsize.The dottedline in Figure2
indicatestheboundarybetweensplatsandpoints.While we
alwaysperform`over' operation(compositing)for splats,we
choosenot to do so for points.The reasonis thatpointsdo
not fully cover a pixel, andthereforetwo pointsmay be in
fact side-by-sideratherthanoccludingoneanother. There-
fore,we instead�rst sumpointswithin acertaindepthrange
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Figure3: Elliptical splatgeometry.

(e.g.,1unit) andthencompositetheresultto theframebuffer.
Thissummationis doneusingthecircular�lter at thepixel.

4.2. Elliptical Splat Geometryand Perspective
ReconstructionFilter

Therearetwo importantissuesin implementingperspective
splatting.The �rst is estimatingthe accurategeometryof
3D splats'projectiononscreen;thesecondis computingthe
correctreconstruction�lter of perspectively projectedsplats.
Wehavedevelopedtechniquesfor addressingbothissues.

In Figure 3, the eye rays tangentto the sphereform a
cone;the2D projectionof thesphereon thehorizontalim-
ageplaneis thenthe intersectionbetweentheconeandthe
imageplane.By de�nition, this intersectionis anellipse.As
an ellipse is de�ned by its major and minor axes (R1 and
R2, simply call themmajor axes thereafter),oncewe have
computedthesetwo axes,we candraw theellipse.Herewe
presentanef�cient way of computingmajoraxes.We have
discoveredthat oneof the two axes is the intersectionbe-
tweentheplaneformedby vector~P, theeye ray vectorper-
pendicularto theviewing plane,andvector~Q, theeyevector
passingthroughthevoxel center. Theproofanddetailsabout
computingmajoraxesappearin AppendixA.

In splatting,both volume reconstructionand integration
areperformedat eachvoxel by projectingandcompositing
weightedreconstructionkernels.A reconstructionkernelis
centeredat eachvoxel, andits contribution is accumulated
ontoan ellipseon the imageplane.This projection(or line
integration)containstheintegrationof thekernelalongaray
from in�nity to theviewing plane.Thesplatis typically in-
tegratedby parallelraysandis pre-computedandresampled
into what is called a footprint table (seeright diagramof
Figure4). This tableis thenre-sampledinto theframebuffer
for eachsplat.For orthogonalprojectionandradially sym-
metric interpolationkernels,a single footprint can be pre-
computedand usedfor all views. The table is indexed by
distanceto the circle center(e.g., i in the right diagramof
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Figure4: Perspectivesplattingreconstruction�lter .

Figure4).Thisis notthecasewith perspectiveprojectionsor
non-uniformvolumes,however, which requirethatthesplat
sizebe changedand that the shapeof the distortedrecon-
structionkernelbe non-spherical.Mueller's image-aligned
sheetbuffer approach10 helpsimprove theintegrationaccu-
racy by slicing the3D reconstructionkernelinto thin slabs.
It is perspectively accuratebetweenslabs,however, within
eachslaball kernelsareorthographicallyprojected.While
this signi�cantly improves imagequality, it requiresmuch
morecompositingandseveralfootprintsectionspervoxel to
bescan-converted.

Here our goal is to perform accuratereconstructionfor
eachvoxel only onceandto make it accuratefor perspective
projection.Westill aimto usetablelookupfor ef�cient com-
putation.Thekey is to generatecorrectindex to the lookup
table.Illustratedin Figure4 (left diagram)in 2D, thesphere
hasradiusr. After we have obtainedthescreenellipse(line
MN) for eachvoxel using the aforementionedmethod,we
thenuseanaf�ne transformationto transformit backto the
circle indicatedby theline BB0; for eachpixel within theel-
lipse,we obtain index i in the circle (i = AC

AB). This canbe
doneby af�ne transformationof theellipseto thecircle 21.
As we canseefrom Figure4, theaccurateindex shouldbe
d, which is thedistancebetweenthespherecenterto theray.
Herewederiveequationfor computingd from i:

AB= r cos(a).

AE = OE� AO = r
sin(a) � r sin(a) = r cos2(a)

sin(a) .

OD = OEsin(b),
wheretan(b) = iAB

AE .
By replacingABandAE,
OD = OEsin(arctan(i tan(a)) .
Therefore,Thecorrectindex is then
d = OD

OF = OE
OF sin(arctan(i tan(a)) = sin(arctan(i tan(a))

tan(a) .

From the above derivation, the correctindex d is deter-

minedby thehalf coneanglea of thesphere.We cancon-
structa 2D tableto speedup the computationof the above
equation.Thetwo indicesto thetablearei anda. Thenum-
ber of entriesfor i is determinedby the size of the pre-
computedreconstructionkerneltable.To maintaina modest
numberof entriesfor a, we createa entriesonly for certain
rangesof anglesthatappearin commonsituations(lessthan
15� areusuallysuf�cient). For anglesoutsidethis range,we
simplyevaluatetheequationfor computingd. Assumingthat
theseanglesrepresentrarecases,theeffort is spentonly on
asmallpercentageof voxels.

5. Implementation and Results

We have implementedour hybrid volume renderingon a
Linux 1.7GHz Pentium4 PC with 2GB memory. Figure
7 and 8 presentimagesgeneratedfrom different volume
data. We have used � ve data for testing; while the 3D
Checker Box volumeis anarti�cial datasetcreatedby our-
selves,theotherfour dataarepublic domaindata,including
Aneurism(256� 256� 256, rotationalb-planex-ray scan
of the arteriesof the right half of a humanhead),Lobster
(301� 324� 56, CT scanof a lobstercontainedin a block
of resin),Engine(256� 256� 128,CT scanof two cylinders
of anengineblock), andSkull (256� 256� 256,rotational
b-planex-rayscanof phantomof ahumanskull).All images
generatedhavea resolutionof 400� 400.

Figure 7 demonstratesthat our method is free of the
popping effect. Figures 7a and 7b present two images
with view directions that cross the 45� viewing angle.
The shadingis consistentbetweenthe two images.The
checkerboard images also demonstratethe effective an-
tialiasing of our method, which is further demonstrated
in the animation sequence(CheckerBox.mpg). (All ani-
mation �les mentionedin this sectioncan be accessedat
http://www.cs.umn.edu/� baoquan/vg03/.) Figure8adepicts
a renderingof Aneurismwith splatsmarked out with red
color while points with regular color. The accompanying
movie shows this dynamicallyin motion (AneurismZoom-
Color.mpg). Figures8b-8f provide more examplesof vol-
ume rendering.Figures8b and 8c presenttwo imagesof
Aneurismwith differentviewing distances.Thesetwo im-
agesareextractedfrom an animationsequence(Aneurism-
Zoom.mpg).Notethatthescatteredpointsin theimagesare
noisefrom the original data;they arenot aliasingartifacts.
Thiscanbebestevaluatedfrom animation(Aneurism.mpg);
thesepoints' presencein the animationareconsistent.Fig-
ures8d and8e are imagesof EngineandSkull. Figure8f
depictsa lobsterwith shell and meatclassi�ed to red and
white, respectively.

Our next experimentevaluatesthe ef�ciency of our al-
gorithm. Although our implementationhasnot beenopti-
mized,ourpreliminaryresultsshow encouragingspeed.Fig-
ure 9 tabulatestimings of renderingdifferentvolumedata.
Thenumberof non-transparentvoxels' is determinedby the
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speci�ed transferfunction for eachvolume dataand indi-
catesthenumberof voxelsbeingprocessedfor eachframe.
In the threecolumnsregarding timing, the percentagesin
brackets indicatethe percentageof non-transparentvoxels
thatareprocessedassplats.Thetimingsfor “all splats”rep-
resentthe averagetime for framesthat all voxels are pro-
cessedassplats(closeview); correspondingly, “all points”
timingsmeasurefor distantview thatall voxelsaretakenas
points.Thetimingslabeledas“mixed” arefor thoseframes
thathave a mixtureof bothsplatsandpoints.For points,we
have implementedocclusionculling sinceit is straightfor-
ward to do, but it hasyet beendonefor splats.Comparing
the “all splats”and“all points” columnsclearlyshows that
splatsareseveraltimesmoreexpensivethanpoints.Thepro-
cessingtimefor splatsdependsonthesizeof theircoverage,
as a larger splat takes more time for scanconversionand
compositing;therefore,the time is not simply proportional
to the numberof splats.The mixed columnrepresentsthe
commonsituationin which voxels are either magni�ed or
mini�ed.

6. Conclusionsand Futur eWork

We have presenteda hybrid forwardresamplingframework
and its applicationto variousdiscreterenderingproblems,
suchastexturemapping,3D imagewarping,aswell asvol-
ume rendering,with both effective and ef�cient antialias-
ing.Speci�cally, for volumesplattingwehavefurtherdevel-
opedtechniquesfor performingperspectively correctsplat-
ting with highqualityandef�ciency. As partof anon-going
project, we are working on further improving the overall
performanceby implementingocclusionculling for splat-
ting 10; 20. The approachis to employ an occlusionmapto
accumulateopacitiesat run-timeas the rendererprocesses
in front-to-backorder; a splat can be culled by checking
whetherthepixels that it projectshave reachedfull opacity.
A hierarchicalocclusionmapcanhelpto quickly checkif a
certainpixel region hasreachedfull opacitywithout check-
ing every pixel in it. Otherenhancementtechniquescanbe
appliedto our method,suchasPost-classi�cationandshad-
ing for eliminatingasometimesblurry effect 9.

Otherfuturework will extendandapplythis techniqueto
otherproblemswherespatialsamplingis themainoperation.
Onespeci�c areaof applicationthatwewill look at is point-
basedrenderingin ourdigital scanningproject.
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Appendix A: Elliptical SplatGeometryFormation

We usethesesimple factsfor the proof: for an ellipse,the
major andminor axesareperpendicularto eachotherand
aresymmetricaxes,in facttheonly symmetricaxes(except
in acircle,whichis aspecialcaseof theellipse).Thento �nd
themajoror minoraxis,weonly needto �nd onesymmetric
axis;theotheronewill beorthogonalto it. SeeFigure3, the
light shadedcircle(centerC) in thesphereis theintersection
betweentheray coneandthesphereandis perpendicularto
~Q. Vectors~P and~Q form a planethatis perpendicularto the
viewing plane.AB is theintersectionof thelight shadedcir-
cle andtheplane~P~Q andis alsothe diameterof the circle.
Line EF is anotherdiameterof thecircle thatis perpendicu-
lar to AB. Therefore,line EF is perpendicularto plane~P~Q;
this meansit is parallelto theviewing plane.Consequently,
all lines parallel to line EF (e.g., GH) are parallel to the
viewing plane.Usingsimilar trianglegeometry, theselines'
projectionson theviewing planearelinearly scaled.Before
projection,theselinesaresymmetricalongline AB. Because
of thelinearscalingof theprojection,theselines' projections
on theviewing planeremainsymmetricalongA0B0, thepro-
jectionof line AB. Therefore,line A0B0 is a symmetricaxis
of the ellipse.Henceit is oneof the major axes(R1). No-
tice thateventhoughR2 directionis parallellyprojected,R1
direction is not. Therefore,A0C0 6= C0B0, the centerof the
ellipse is not C0, but ratherthe midpoint of A0B0. Through
theseconclusions,computingan ellipsebecomesef�cient.
Herea slightly approximative approachcouldbeusedwhen
theanglebetween~Q and~P is small.WecanapproximateR1
with vector ~C0B0andthecenterof theellipseasC0, therefore,
R2 is approximatedby vector ~C0F0. Underothersituations,
themidpointof A0B0 shouldbeused.
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(a) (b) (c)

Figure5: Texturemappingusing(a)forwardpointprojection,(b) hybrid forwardprojection,and(c) traditionalbackwardprojection
with bilinearinterpolation.

(a) (b) (c) (d) (e)

Figure6: 3D imagewarping:(a) referenceimage,(b) warpedimagewith antialiasing(ourhybrid method),(c) zoom-inof marked
region in (b), (d) warpedimagewithoutantialiasing(McMillian' smethod),(e) zoom-inof markedregion in (d).

(a) (b)
Figure7: 3D CheckerBox viewedatdifferentviewing directionscrossingthe45� angle.
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(a) (b) (c)

(d) (e) (f)

Figure8: Imagesgeneratedby hybrid method:(a)pseudo-coloredAneurism(redfor splats),(b) distantview of Aneurism,(c) close
view of Aneurism,(d) Engine,(e)Skull, and(f) Lobster.

Model Resolution Numberof Timing (second)
non-transparentvoxels all spats mix all points

Engine 256� 256� 128 1,160,038 15.83(100%) 9.76(56.73%) 1.59(0%)

Lobster 301� 324� 56 190,815 3.18(100%) 1.97(48.20%) 1.52(0%)

Aneurism 256� 256� 256 114,695 3.78(100%) 3.36(76.38%) 2.67(0%)

Skull 256� 256� 256 775,985 10.39(100%) 9.29(88.74%) 4.87(0%)

CheckerBox 100� 100� 100 1,000,000 20.48(100%) 6.72(46.60%) 2.78(0%)

Figure9: Timing for renderingdifferentvolumedata.
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