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Abstract

Thetransformingand renderingof discreteobjects,sud astraditional images(with or withoutdepths)andvol-
umes,can be consideed as resamplingproblem— objectsare reconstructediransformed, Iter ed, and nally
sampledon the screengrids. In resamplingpractices,discrete samplegpixels,voxels)can be consideed either
asin nitesimal samplepoints(simplycalled pointg or samplef a certainsize(splaty. Resamplinganalsobe
doneeitherforwards or badkwardsin eitherthe source domainor the target domain.In this paper we presenta
framevork that featureshybrid forward resamplingor discreterendering Speci cally, we apply this framevork
to enhancevolumetricsplatting In this appmoad, mini ed voxelsare taken simply as points Iter ed in screen
space;while magni ed voxelsare taken as sphericalsplats.In addition, we developtwo techniquesfor perform-
ing accurateandefcient perspectivesplatting The r stoneis to efciently computethe 2D elliptical geometryof
perspectivelyprojectedsplats;the secondneis to achieve accurate perspectivereconstructionlter . Theresults
of our experimentsdemonstate both the effectivenes®f antialiasingand the efciency of renderingusingthis
approad.

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.3[ComputerGraphics]Picture/Imagé&eneration-

DisplayAlgorithms;1.3.7 [ComputerGraphics]:Three-DimensionabraphicsandRealism

1. Intr oduction

Resamplingan operationusuallyrelatedto imageprocess-
ing, is the procesof transforminga discretelysampledm-
agefrom onecoordinatesystemto another This de nition
canbe extendedto the transformatiorof ary otherdiscrete
object, suchas depthimagesand volumes.With perspec-
tive transformation resamplingamountsto 3D rendering;
the issuebecomeshow to properly resamplethe discrete
objectsusingthe regular screengrids after projection.Con-
ceptually anideal discreteresamplingoperationconsistsof
four basicstepsreconstructiontransformationpre ltering,
andsampling® 9. In practice reconstructiormndpre ltering
Iters areusuallycombinedtogetherwith embeddedrans-
formation. Additional operationssuchas visibility testing
andlighting estimation,arethenconductedor 3D render
ing. The fundamentalissue of 3D renderingis in which
domain (sourceor target) to evaluatetheseoperationsand
how to accumulateachcontritution sothatthe original dis-
creteobjectcanbe faithfully representedn the 2D screen
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grids. In this paper we offer a hybrid resamplingframe-
work by converting discreterenderinginto a resampling
problem to ensureeffective antialiasingwith ef ciency. Our

hybrid methodfeaturesforward processingWhensamples
aremini ed after transformationthey aretaken simply as
points,and ltering is donein thetargetdomain;while sam-
plesaremagni ed, they aretakenassplatswhich arerecon-
structedbeforeprojectionto the screenThis framewvork can
be generallyappliedto the renderingandtransformatiorof

discreteobjects,suchastexture mapping,3D imagewarp-

ing, andvolumerendering.

Thevolumetricsplattingintroducedby Westwer 18 takes
anobjectorderapproachn contrastto volumetricray cast-
ing. In splatting,a volumeis represente@san array of re-
constructedioxel kernels;eachof thesekernelsis rst clas-
si ed to have color andopacitybasedon the transferfunc-
tion appliedandis thenprojectedto theimageplane,yield-
ing a footprint or splaton the screenand nally compos-
ited with the frametuffer. Splattinghasa numberof fea-
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turesthatmale it attractive, mainly asfollows: (1) its object
processingrder makesit feasibleto storeand accessvol-

umesin anefcient fashion,especiallyfor sparsevolumes;
(2) splatson screenand their reconstructionlters canbe
precomputedind storedin lookup tablesso thatonly table
lookup is neededduring the run-time rendering.Recently
image-based* 13 andpoint-based? 22 systemshave gained
in popularity; without explicit connectvity available,splat-
ting becomes suitablerenderingmethodin thesesystems.
Forward splattinghasalsobeenusedin texture mappingt.

In recentyears a numberof methodshave beenproposed
to improve the original splattingmethod,ncludingmethods
for delivering correctperspectie rendering® 19, antialias-
ing 1621 andefciency ©. Aliasing occurswhenvoxels are
mini ed (i.e., their splatsprojectto lessthanonepixel size
onscreen)Theapproachakenby Swanetal. 16 in ates the
splatsso thatthey cover at leastonepixel. While they per
formthisin ation uniformly Zwicker etal. 2* have proposed
techniquego non-uniformlyin ate splatsto accommodate
anisotropicltering. Theoriginal splattingmethodsf West-
over 18 do not work well for perspectie projectionbecause
the projectionsof voxels on screenare view-dependent,
thereforestraightforvardly looking up pre-computedyiew-
independenteconstructionlter leadsto artifacts.Mueller
andYagel1! have proposeda ray-driven approachfor per
spectve volumerenderingjn which a sphericalvoxel is re-
placedwith a disk perpendiculato the ray passinghrough
the centerof the voxel; the disk is mappedwith the pre-
computedreconstructionIter. For every pixel on screen
coveredby the disk, a ray is shotto the disk andthe inter-
sectionis usedasthe index to the lter. Neverthelessthe
Iter index thatis computeds still inaccuratedueto there-
placemenbf sphereswith disks.Mueller et al. 1° have also
proposedan image-alignedsheetbuffer approach.In this
method,voxels are cut into thin slabsparallelto the view-
ing plane;eachslabof avoxel is reconstructedeparatelyy
looking up pre-computedyiew-independentter . Although
thereconstructioris inaccuratdor eachslab,hovever, when
the slabis thin enoughthe error becomesdgnorable.Voxel
slabswithin the sameslabaresummedogethetinto a sheet
buffer, which is then compositedto the framehuffer. This
methodalso eliminatesthe poppingeffect presentedn the
original axis-alignedsheetuffer approacHs.

In this paper we employ a hybridity of pointsandsplats
asrenderingprimitives.While regularsplattingis performed
for magni ed voxels, for mini ed voxels, ratherthan in-

ating their splats,we simply replacethemwith points.To
computetheir contritutionsto the nal image,we placea
circular Iter on eachpixel in-screento Iter the incoming
points.Filtering pointsin the screenspacels muchsimpler
thansplattingthem.Therefore pur methodfeaturesa hybrid
approachusing both forward point projectionand forward
splatprojection.Within this framevork, we have designed
andimplementeda numberof techniquedor accurateper
spectve splattingcalculation First, we develop methodsor

moreef ciently estimatingthe elliptical shapeof 2D screen
splats.Second,we presenttechniquesto achie/e accurate
perspectiereconstructioniter . Thekey isto generatecor
rectindex to thelookuptableof theview-independentecon-
struction Iter . The resultsof our experimentsdemonstrate
botheffective antialiasingandef cient rendering.

2. Hybrid Forward ResamplingFramework

Thekey taskin resamplings for eachscreerpixel to deter

minethecontrituting input discretesamplesandto convolve

thesamplesith aproper Iter to obtainthe nal pixel color.

This lter is usuallyde ned with a circularfootprint with a
Gaussiampro le andcanbeappliedto eitherscreerpixelsor

inputsamplesThe processinganbedonein the sourcedo-

main(objectorder)throughforwardprojection,orin thedes-
tinationdomain(screerorder)throughbackwardprojection.
This amountsto four practical approachesforward point
projection(forward projection; Itering on screen)forward
footprint projection(forwardprojection; ltering onobject);
backwardpointprojection(backwardprojection; Itering on

object); and backward footprint projection(backward pro-

jection; Itering on screen).In the past,all methodshave

beenpracticed A detailedsuney canbefoundin %3. Here
we presenta hybrid resamplingframevork that combines
forward point projectionandforwardfootprint projection.

For theforward point projectionmethod eachinput sam-
ple is taken as a point and projectedinto screenspace A
circular lter is placedat eachpixel for pre ltering the pro-
jected samples* 13, For mini ed sampleswhere aliasing
usually arises,point projection effortlessly performsqual-
ity antialiasing;however, holes may appearin magni ed
samplesafter projectionbecauseaeconstructioris not per
formed. For the forward footprint projectionmethod,each
input sampleis considereda circle (or a spherefor voxels)
forwardly projectedto the screen,creatinga screen-space
conic. The conic is then scan-cowertedand the enegy of
the sampleis corvolved with a Iter on screenThis effec-
tively “splats'the enegy of the sampleto the pixel within
its projectedfootprint andthus effectively solvesthe prob-
lem for the magni cation situation.This method,however,
presentsa potentialproblemfor the mini cation situation,
however, becausehe entireconicmayactuallyfall between
the pixels,thereforemakingno contritution to ary of them.
Computingandevaluatinga conicor eventheapproximated
ellipseshapeaswell asconvolving texel enegy areexpen-
sive operationgespeciallyin themini cation situation).

Thereforepurhybrid forwardresamplingramework per
formsforwardpointprojectionfor mini ed samplesndfor-
ward footprint projectionfor magni ed samplesThe gen-
eral concept,basedon volume rendering,is illustratedin
Figure 1. For magni ed voxels (e.g.,voxel ¢ in Figure 1),
we performregular splatting.However, for mini ed voxels
(e.g.,voxel a andb), we take them as points and directly
projectthemto theimageplane;their contributionsarethen
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computeddy circular lters placedatpixels.Thisframeavork
takes advantageof both points and splats:pointsare more
ef cient for the mini cation region, while splatsareadvan-
tageoudor themagni cationregion.
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Figure 1: Voxelsaretakenaseithersplatsor pointsdepend-
ing on their projectionsizeon screen(e.g.,points:voxels a
andb, splat:voxel c).

3. Hybrid Forward Image Warping

We rst introducethe applicationof hybrid forward resam-
pling to improve existing forwardtexture mappingmethods.
Forward point projectionhaspreviously beenemployed for
texture mapping.Ghazandrpouret al. 4 have proposeda
techniguethat takes every texel as a point and projectsit
into screenspace.A lter is placedat eachpixel for I-
tering the projectedtexels. This amountsto effective an-
tialiasingin the mini cation region, and canbe almostef-
fortlessly performed(seeFigure 5a). Comparedo forward
splattingwheresplatshave to be estimatedby ellipses)and
scan-cowerted herenosplatis computedandapproximated.
Holes,however, may appeaifor magni cation regions(also
seeFigure 5a), one solution for which is to supersample
in texture spacealongthe magni cation axis andforwardly
projectsubteels (aspoints)into screenspace But because
this amountsto an expensve approachsplattingbecomes
more suitablehere.Becausehe reconstructionlter kernel
(usuallya Guassiarkernel) of a splatcanbe pre-generated
and storedin a table, computingits contrikution to sev-
eral pixels canbe donein onescan-cowersionpath.Figure
5b demonstrateshat our hybrid forward methodproduces
higher quality antialiasingthan doestraditional backward
texture mappingwith bilinearinterpolation(Figure5c).

Anotherapplicationof the hybrid resamplingframewnork
is in the warping of depth images. Traditional 3D im-
agewarpingis doneusingMcMillan's warpingequationg,
which allows oneto take adwantageof the regular structure
of imagesto perform incrementaltransformation McMil-
lan's methodtakes a forward point projectionapproach—
that is, after projection,a samples color is written to its
nearespixel, overwritingwhatever colorthepixel has Lik e-
wise,two problemsexist with this approach(1) holesin the
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magni cation region and(2) aliasingin the mini cation re-
gion. A few approachebave beenproposedor solvingthis
problem, suchas connectingthe samplesof the reference
imageinto a polygonalmesh’ or usingsplatsfor eachsam-
ple 4. Both methodsare expensve for the mini ed region,
in which either a triangle or splat projectsto the subpiel
area.WarpEngine!3 connectssampleshut avoids the over-
headof generalpolygonalrenderingby generatingsubsam-
plesbefore(or after) projection.Becausesubsamplebave
to bedense=noughto completelyavoid incorrectholes,this
amountsto an expensve solutionin the magni cation re-
gion.

Herewe applyour hybrid forwardmethodto imagewarp-
ing. For magni ed sampleswe employ thesplattingmethod.
The splat size of a sourcesamplecan be estimatedbased
onits adjacensamplege.g.,their maximumdistanceo the
currentsample) For mini ed samplesye employ points;it
is importantthat we do not overwrite visible samplespro-
jecting to the samepixel. Rather we needto accumulate
eachsamples contrikutionthroughscreerspaceltering for
antialiasing.Visibility is calculatedusingdepth,normal,as
well asdetectedoundarydiscontinuityinformation!3; sam-
pleswithin thesameboundanareassumedo beonthesame
surface.Finally, for both magni ed andmini ed caseswe
detectbackfcing samplesby checkingtheir normals.Fig-
ure 6 compareghe two warpedimages(Figures6b and6d)
andtheir zoom-ins(Figure 6¢ and 6e) generatedrom our
hybrid methodandMcMillian' s original warpingalgorithm,
respectiely. This clearly shawvs that higher quality canbe
producedusingthe hybrid method.

4. Hybrid Forward Volume Rendering

Similarly, we applyour hybrid resamplingramework to for-
wardvolumerendering(i.e.,volumetricsplatting).Although
the frameavork is generalenoughto be appliedto enhance
variousexisting methodswe herediscussone speci ¢ im-
plementation.

4.1. Volume ProcessingOrder

For volume rendering,care must be taken to ensurecor
rect compositingbecauseof the translucennatureof vox-
els.Splattingmethodshave beerdesignedhatfeaturediffer-
entvolumeprocessingrders:(1) alwaysperforming'over'
(compositing)operationon voxels 17, which processesox-
elsin depth-sortedrderandthencomposites/oxel's splat
one over another;(2) slice-by-sliceprocessingorder with
sheetbuffer, which accumulatesoxels's colorswithin each
sliceinto a sheetbuffer usingsummatiorandthencompos-
ites the entire sheetto the intermediateframetuffer 18; and
(3) image-alignedheetbuffer order in which sheetsareal-
waysparallelto theimageplanel®. Eachmethodhasits ad-
vantagesanddisadwantagesFor example,the alwayscom-
positing methodamountsto an ef cient approachput can
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leadto colorbleedingartifactsaseachvoxel is processeth-

dependentlythusignoringthefactthatadjacensplatsover

lap. Theaxis-alignedsheetuffer approactsolvesthebleed-
ing problem,but resultsin poppingartifacts— thatis, when
theviewpoint shiftsat pointsthatrequireswitchingto a dif-

ferent axis-alignedsheetbuffer, the summationand com-
positing order changeshetweenvoxels of the sameslice,
henceresultingin change$n theshadeof colors.Theimage-
alignedsheetbuffer approactfurthersolvesthe poppingef-

fectbecaus& hesheetsorientationis incrementallyupdated
ratherthanswitchedat somediscretepoints.However, even

with optimizations®, this approachhasaddedseveral de-
greesof compleity to the original splattingapproachebe-
causeevery sheetde nes a thin slabin 3D spacethat cut
a voxel sphere(splats)into several parts;differentpartsare
then summedto different sheets.Theoretically our hybrid

frameavork canbe appliedto all thesemethods For exam-
ple, for a image-alignedsheetbuffer approachwhen pro-

cessingdistantsheetsn mini cation region, voxels canbe
representedsingsimplepoints,with noneedto cutthrough
splatsthatareeventuallyprojectedo subpiel size.Filtering

is thendonein sheetouffer on points.

x-y slice

Image plane

Eye

Figure 2: Volumeprocessingrder

In this papemwe take the original composite-eery-sample
approacht’, asfor mostcasesbleedingeffects are not ob-
senable andthis approachcanbe implementedef ciently .
The key to this methodis processingroxelsin strict depth
order This orderingcanbeimplementeddy rst transform-
ing voxels to the imagespaceandthensortingthembased
on their depthvaluesasdonein 0. Anothersortingmethod
thatcanbeuseds describedy Swan15; here oncetheorder
is determinedyoxelsareprocesseeitherassplatsor points
basedon their projectionsize. The dottedline in Figure 2
indicatesthe boundarybetweersplatsandpoints.While we
alwaysperform over' operation(compositing¥or splatswe
choosenot to do sofor points. The reasonis that pointsdo
not fully cover a pixel, andthereforetwo pointsmay bein
fact side-by-sideratherthan occludingone another There-
fore,weinsteadrst sumpointswithin acertaindepthrange

Figure 3: Elliptical splatgeometry

(e.g.,1 unit) andthencompositeheresultto theframehuffer.
This summations doneusingthecircular Iter atthepixel.

4.2. Elliptical Splat Geometry and Perspective
ReconstructionFilter

Therearetwo importantissuesn implementingperspectie

splatting. The rst is estimatingthe accurategeometryof

3D splats'projectionon screentheseconds computingthe
correctreconstructionlter of perspectiely projectedsplats.
We have developedtechniquedor addressindpothissues.

In Figure 3, the eye rays tangentto the sphereform a
cone;the 2D projectionof the sphereon the horizontalim-
ageplaneis thenthe intersectionbetweerthe coneandthe
imageplane.By de nition, thisintersectioris anellipse.As
an ellipseis de ned by its major and minor axes (R; and
R», simply call them major axes thereafter),oncewe have
computedhesetwo axes,we candraw theellipse.Herewe
presentan ef cient way of computingmajor axes.We have
discoreredthat one of the two axesis the intersectionbe-
tweenthe planeformedby vectorP, the eye ray vectorper
pendiculartto theviewing plane,andvectorQ, theeye vector
passinghroughthevoxel center Theproofanddetailsabout
computingmajoraxesappeain AppendixA.

In splatting, both volume reconstructiorand integration
areperformedat eachvoxel by projectingand compositing
weightedreconstructiorkernels.A reconstructiorkernelis
centeredat eachvoxel, andits contribution is accumulated
onto an ellipseon theimageplane.This projection(or line
integration)containgheintegrationof thekernelalongaray
fromin nity to theviewing plane.The splatis typically in-
tegratedby parallelraysandis pre-computeéndresampled
into what is called a footprint table (seeright diagramof
Figure4). Thistableis thenre-samplednto the framehuffer
for eachsplat. For orthogonalprojectionandradially sym-
metric interpolationkernels,a single footprint can be pre-
computedand usedfor all views. The tableis indexed by
distanceto the circle center(e.qg.,i in the right diagramof
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Figure 4: Perspectie splattingreconstructionlter .

Figure4). Thisis notthecasewith perspectie projectionsor
non-uniformvolumes however, which requirethatthe splat
size be changedand that the shapeof the distortedrecon-
structionkernel be non-sphericalMueller's image-aligned
sheetbuffer approacH® helpsimprove theintegrationaccu-
ragy by slicing the 3D reconstructiorkernelinto thin slabs.
It is perspectiely accuratebetweenslabs,however, within
eachslaball kernelsare orthographicallyprojected.While
this signi cantly improvesimagequality, it requiresmuch
morecompositingandseveralfootprint sectiongervoxel to
bescan-comerted.

Here our goal is to perform accuratereconstructiorfor
eachvoxel only onceandto make it accuratdor perspectie
projection. We still aimto usetablelookupfor ef cient com-
putation.The key is to generatecorrectindex to the lookup
table.lllustratedin Figure4 (left diagram)in 2D, the sphere
hasradiusr. After we have obtainedthe screerellipse(line
MN) for eachvoxel usingthe aforementionednethod,we
thenuseanafne transformatiorto transformit backto the
circleindicatedby theline BB for eachpixel within theel-
lipse, we obtainindex i in the circle (i = Q—CB). This canbe
doneby afne transformatiorof the ellipseto the circle 21.
As we canseefrom Figure 4, the accurateéndex shouldbe
d, whichis thedistancebetweerthespherecenterto theray.
Herewe derive equationfor computingd from i:

AB= rcogqa). 2
rcos(a)
sinfa) -

rsin(a) =

OD = OEsin(b),

wheretar(b) = 2B,

By replacingAB andAE,

OD = OEsin(arctargi tan(a)) .
Therefore Thecorrectindex is then

d= 3P = SEsin(arctartitan(a)) = 57“&";;?;2;&“6‘”.

From the above derivation, the correctindex d is deter
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minedby the half coneanglea of the sphere We cancon-
structa 2D tableto speedup the computationof the above

equationThetwo indicesto thetablearei anda. Thenum-
ber of entriesfor i is determinedby the size of the pre-
computedeconstructiorkerneltable.To maintaina modest
numberof entriesfor a, we createa entriesonly for certain
rangef angleghatappeain commonsituationglessthan
15 areusuallysufcient). For anglesoutsidethisrangewe

simply evaluatetheequatiorfor computingd. Assumingthat
theseanglesrepresentarecasesthe effort is spentonly on

asmallpercentagef voxels.

5. Implementation and Results

We have implementedour hybrid volume renderingon a
Linux 1.7GHz Pentium4 PC with 2GB memory Figure
7 and 8 presentimagesgeneratedrom different volume
data. We have used ve data for testing; while the 3D
Checler Box volumeis anarti cial datasetcreatedoy our
sehes,theotherfour dataarepublic domaindata,including
Aneurism(256 256 256, rotationalb-planex-ray scan
of the arteriesof the right half of a humanhead),Lobster
(301 324 56, CT scanof alobstercontainedn a block
of resin),Engine(256 256 128,CT scanof two cylinders
of anengineblock),andSkull (256 256 256, rotational
b-planex-ray scanof phantonof ahumanskull). All images
generatedhave aresolutionof 400 400.

Figure 7 demonstrateghat our methodis free of the
popping effect. Figures 7a and 7b presenttwo images
with view directions that cross the 45 viewing angle.
The shadingis consistentbetweenthe two images.The
checlerboard images also demonstratethe effective an-
tialiasing of our method, which is further demonstrated
in the animation sequence(CheclerBox.mpg). (All ani-
mation les mentionedin this sectioncan be accessedt
http://wwwcs.umn.edu/baoquan/vg03) Figure8adepicts
a renderingof Aneurismwith splatsmarked out with red
color while points with regular color. The accompaying
movie shaws this dynamicallyin motion (AneurismZoom-
Colormpg). Figures8b-8f provide more examplesof vol-
ume rendering.Figures8b and 8c presenttwo imagesof
Aneurismwith differentviewing distancesThesetwo im-
agesare extractedfrom an animationsequencéAneurism-
Zoom.mpg) Notethatthe scatteregointsin theimagesare
noisefrom the original data;they arenot aliasingartifacts.
This canbebestevaluatedrom animation(Aneurism.mpg);
thesepoints' presencen the animationare consistentFig-
ures8d and 8e areimagesof Engineand Skull. Figure 8f
depictsa lobsterwith shell and meatclassi ed to red and
white, respectiely.

Our next experimentevaluatesthe ef ciency of our al-
gorithm. Although our implementationhas not beenopti-
mized,our preliminaryresultsshav encouragingpeedFig-
ure 9 takulatestimings of renderingdifferentvolume data.
Thenumberof non-transparentoxels' is determinecy the
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speci ed transferfunction for eachvolume dataand indi-

catesthe numberof voxels beingprocessedor eachframe.
In the three columnsregarding timing, the percentagein

braclets indicate the percentagef non-transparentoxels
thatareprocesseassplats.Thetimingsfor “all splats”rep-
resentthe averagetime for framesthat all voxels are pro-
cessedhs splats(closeview); correspondingly“all points”
timingsmeasurdor distantview thatall voxelsaretakenas
points.Thetimingslabeledas“mixed” arefor thoseframes
thathave a mixture of both splatsandpoints.For points,we
have implementedocclusionculling sinceit is straightfor

wardto do, but it hasyet beendonefor splats.Comparing
the“all splats”and*“all points” columnsclearly shows that
splatsareseveraltimesmoreexpensve thanpoints.Thepro-

cessingime for splatsdepend®nthesizeof theircoverage,
as a larger splat takes more time for scancorversionand
compositing;therefore the time is not simply proportional
to the numberof splats.The mixed columnrepresentshe
commonsituationin which voxels are either magni ed or

mini ed.

6. Conclusionsand Future Work

We have presented hybrid forward resamplingrramewvork
andits applicationto variousdiscreterenderingproblems,
suchastexture mapping,3D imagewarping,aswell asvol-
ume rendering,with both effective and ef cient antialias-
ing. Speci cally, for volumesplattingwe have furtherdevel-
opedtechniquedor performingperspectiely correctsplat-
ting with high quality andef ciency. As partof anon-going
project, we are working on further improving the overall
performanceby implementingocclusionculling for splat-
ting 1020, The approachis to emplo/ an occlusionmapto
accumulateopacitiesat run-time asthe renderermprocesses
in front-to-backorder; a splat can be culled by checking
whetherthe pixelsthatit projectshave reachedull opacity
A hierarchicalocclusionmapcanhelpto quickly checkif a
certainpixel region hasreachedull opacitywithout check-
ing every pixel in it. Otherenhancemertechniquesanbe
appliedto our method,suchasPost-classi catiorandshad-
ing for eliminatinga sometimeblurry effect ®.

Otherfuturework will extendandapplythis techniqueo
otherproblemswherespatialsamplingis themainoperation.
Onespeci c areaof applicationthatwe will look atis point-
basedenderingn our digital scanningproject.
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Appendix A: Elliptical SplatGeometryFormation

We usethesesimplefactsfor the proof: for an ellipse, the
major and minor axes are perpendiculato eachotherand
aresymmetricaxes,in factthe only symmetricaxes(except
in acircle,whichis aspeciakaseof theellipse).Thento nd
themajoror minoraxis,we only needto nd onesymmetric
axis;theotheronewill beorthogonalo it. SeeFigure3, the
light shadecircle (centerC) in thespherds theintersection
betweertheray coneandthe sphereandis perpendiculato
Q. VectorsP andQ form a planethatis perpendiculato the
viewing plane.AB s theintersectiorof thelight shadedir-
cle andthe planePQ andis alsothe diameterof the circle.
Line EF is anotherdiameterof thecircle thatis perpendicu-
lar to AB. Therefore line EF is perpendiculato planePQ;
this meanst is parallelto the viewing plane.Consequently
all lines parallelto line EF (e.g., GH) are parallelto the
viewing plane.Usingsimilar trianglegeometrytheselines’
projectionson the viewing planearelinearly scaled Before
projection thesdinesaresymmetricalongline AB. Because
of thelinearscalingof theprojection thesdines' projections
ontheviewing planeremainsymmetricalonngBo, thepro-
jectionof line AB. Therefore Jine A% is a symmetricaxis
of the ellipse.Henceit is one of the major axes (R1). No-
tice thateventhoughR; directionis parallelly projected Ry
directionis not. Therefore A6 C%B°, the centerof the
ellipseis not C% but ratherthe midpoint of A%8°. Through
theseconclusionsgcomputingan ellipse becomesef cient.
Hereaslightly approximatve approactcouldbe usedwhen
theanglebetweerQ andP is small. We canapproximateR;
with vectorC®BPandthecenterof theellipseasCO, therefore,
Ry is approximatedy vectorCO% 0. Underothersituations,
the midpointof A%° shouldbe used.
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Figure5: Texturemappingusing(a) forwardpointprojection (b) hybrid forward projection,and(c) traditionalbackward projection
with bilinearinterpolation.

() (b) (c) (d) (e)
Figure 6: 3D imagewarping:(a) referencamage,(b) warpedimagewith antialiasing(our hybrid method),(c) zoom-inof marked
regionin (b), (d) warpedimagewithout antialiasing(McMillian' s method) (e) zoom-inof markedregionin (d).

@ (b)

Figure 7: 3D Checler Box viewedat differentviewing directionscrossingthe45 angle.
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Gy (b) (©
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Figure 8: Imagesgeneratedby hybrid method:(a) pseudo-coloreéneurism(redfor splats)(b) distantview of Aneurism,(c) close
view of Aneurism,(d) Engine,(e) Skull, and(f) Lobster

Model Resolution Numberof Timing (second)
non-transparentoxels  all spats mix all points
Engine 256 256 128 1,160,038 15.83(100%) 9.76(56.73%) 1.59(0%)
Lobster 301 324 56 190,815 3.18(100%) 1.97(48.20%) 1.52(0%)
Aneurism 256 256 256 114,695 3.78(100%) 3.36(76.38%) 2.67(0%)
Skull 256 256 256 775,985 10.39(100%) 9.29(88.74%) 4.87(0%)
CheclerBox 100 100 100 1,000,000 20.48(100%) 6.72(46.60%) 2.78(0%)

Figure 9: Timing for renderingdifferentvolumedata.
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